On a problem of Lewin  by Shen, Jian & Neufeld, Stewart
On a Problem of Lewin 
Jian Shen 
l3epartnwnt (If Mathematics and Statistics 
Queen’*y University at Kingston 
Kingston, Ontario, Canada K7L 3N6 
and 
Stewart Neufeld 
Department of Mathematics and Statistics 
[Jniversity of Winnipeg 
Winnipeg, Manitoba, Canada R3B 2E9 
Sublnittrd bv Richard A. Brualdi 
ABSTRACT 
A digraph G is called primitive if for some positive integer k there is a walk of 
length exactly k from each vertex u to each vertex o (possibly u again). If G is 
primitive, the smallest such k is called the exponent of G, denoted by exp(G). In 
1971, M. Lewin introduced the paramater 1(G) for a primitive digraph G. It is thy 
smallest k for which there is both a walk of length k and a walk of length k + 1 fronr 
some vertex II to some vertex o (possibly II again). Clearly Z(G) < exp(G) and so 
1(G) < n7 - 2n + 2 by a theorem of Wielandt. Finer upper bounds on I(G) are 
<given, and an open problem is presented. 0 1998 Elsevier Science Inc. 
1. INTRODUCTION AND NOTATION 
Let G = (V, E) denote a digraph on r~ vertices. Loops are permitted, but 
no multiple arcs. A u + v walk in G is a sequence of vertices u, u,, . . . , IL,, 
= v and a sequence of arcs (u, !A,), (u I, u,), . . . , (2~~‘~ ,, c), where the vertices 
and the arcs are not necessarily distinct. A closed walk is a IL -+ 2: walk where 
11 = 0. A path is a walk with distinct vertices. A cycle is a closed 11 + c walk 
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with distinct vertices except for u = v. The length of a walk W is the number 
of arcs in W. The girth s of G is the length of a shortest cycle in G. An 
r-cycle is a cycle of length r. G is said to be strongly connected if there exists 
a path from u to v for all U, v E V. 
k 
The notation u 5 v (u -H v) is used to indicate that there is a u + v 
walk (no u -+ v walk) of length k. The notation u 
k,, k, k, 
- v means u -+ v and 
k, k k 
u -+ v. For X, Y 2 V, X --f Y means x + y for some x E X and some 
y E Y. For a subset X c V, let Rk( X) = (v E V : X 5 v}, the set of vertices 
of G which can be reached from X by a walk of length k. Since a vertex is at 
distance 0 from itself, R,(X) = X for all X & V. 
A digraph G is primitive if there exists some positive integer k, such that 
u : v whenever, u, v E V. The minimum such k is called the exponent of 
G, denoted exp(G). The local exponent of G from vertex u to vertex v, 
denoted exp(G : u, v), or exp(u, v) if G is specified, is the least integer k 
such that u 5 v for all p > k. Clearly exp(G) = max{exp(G : u, v> : u, v E 
w. 
In 1971, M. Lewin [l] presented the following lemma in terms of 
matrices: 
LEMMA 1. Suppose G is a strongly connected digraph. The,n,,G, is 
primitive if and only if there exists a positive integer k such that u 1 v 
for some u,v E V. 
By Lemma 1, a primitive digraph G thus has a smallest k for which 
u k, o holds for some U, v E V. This parameter was introduced by M. 
LeFF+ p [l]. In this paper, we denote it by I(G); i.e., I(G) = min(k : 
u ( v for some U, v E V}. Clearly I(G) < minIexp(G : u, v> : u, v E V}. 
In particular, if G is a primitive (undirected) graph, then l(G) = 
min{exp(G : u, v> : u, v E V}, since each (undirected) edge in G can be 
considered as a (directed) cycle with length 2. Recalling that exp(G) = 
max(exp(G:u,v):u,v E V}, one can prove {exp(G:u,v):u,v E V} = 
[KG), . . . , exp(G)l, an interval without gaps. Therefore exp(G) and I(G) may 
be considered as two different kinds of extreme versions of exp(B : u, v) for 
an (undirected) graph of G. 
It is interesting to note that if t is a positive integer such that t < Z(G), 
then for any vertex u in G, R,(u) is always an independent set. To see this 
observe that if there were two vertices vi and vs in R,(u) such that vi -+ vs, 
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then u 
/,t+1 
---+ o2 and Z(G) d t, a contradiction. Therefore there are relation- 
ships between Z(G) and independent sets. Corollary 1 and Corollary 2 are 
two examples. 
For all primitive digraphs G with n vertices, clearly 
Z(G) < exp(G) < n2 - 2n + 2, 
where the latter inequality is the Wielandt bound [4]. M. Lewin observed in 
[I] that exp(G) = nz - 2n + 2 implies Z(G) = 1. He also commented that 
there was some reason to expect that this upper bound on Z(G) could be 
lowered considerably. In this paper, some upper bounds for Z(G) in terms of 
the order and girth of G are found. Also it is conjectured that Z(G) < 
exp(G)/2 for all except one G. 
2. REACHABLE SETS 
We first introduce the following lemma, which is helpful in estimating the 
sizes of reachable sets 
LEMMA 2 [3]. Suppose G is strongly connected and Z is a subset of V. lf 
Z c R,(Z), then /R,(Z)1 > min{n, 121 + i} for i > 0. 
It is trivial that if G contains loops, then Z(G) = 1. Therefore throughout 
the rest of the paper, if not specified, G will always denote a primitive 
digraph with order n and girth s > 2. 
The local exponent of G at a z?ertex u, denoted exp(G : u), is the 
least integer k such that u 5 u for each o E 17. Then exp(G : u) = 
max, E ,.Iexp(G : u, v)}. 
LEMMA 3. Let C,, C,, . . . , C, be closed walks in G such that 
nr= ,V(C,> # 0. Then there exists some zjertex 1~ E nr= ,V(C,) such thnt 
IRi(u>l > 2 for all i > 1. 
Proof. Choose u E ny=, V(Cj> so that exp(G : U> < exp(G : u) for all 
o E fir=, V(Ci>. Suppose R(U) = {u} for some i > 1. Then v E fl[=, V(Ci> 
and exp(G : u) = exp(G : v) + i, contradicting the choice of U. ??
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For any positive integer k, the digraph Gk = (V’, E’) is defined as 
follows: V’ = V and (u, v) E E’ if u 5 v in G. It is easy to show that Gk is 
primitive as well. 
LEMMA 4. Each s-cycle in G has a vertex u such that (R,(u)\ > 
min{n, [t/s] + 1) fh all t > 0. 
Proof. Since R,(u) = { u ,I can be supposed that t > 1 and 1 R,(u)l < n. } ‘t 
By Lemma 3, a vertex u on an s-cycle may be chosen such that I&(u)1 z 2 
for all i > 1. Let t = xs + y and Z = R,(u), where X, y are integers and 
1 < y < s. Since 2 c R,(Z) and R,,(Z) in G equals R,(Z) in G”, by 
Lemma 2, n > IR,(u>l = IR,,+,(u>l = lE,,(Z)l > min{n, IZI + xl 2 
min{n,2 + x}. Then l&(u)1 > x + 2 = [t/s] + 1. ??
The following two corollaries reveal some relations between I(G) and the 
maximum size among all independent sets in G. 
COROLLARY 1. G contains an independent set of size at least [(l(G) - 
1)/s] + 1. 
Proof. As has been shown, R,(v) is an independent set for all v E V 
and all t < l(G). In particular, let t = l(G) - 1. By Lemma 4, there exists 
some vertex u on an s-cycle such that R,(,,_ ,(u) is an independent set of 
size at least [(l(G) - 1)/s] + 1. H 
COROLLARY 2. Zf G is an undirected primitive graph, then G contains an 
independent set of size at least [(l(G) + 1)/21. 
Proof. Since s = 2, Corollary 2 immediately follows from Corollary 1. 
H 
COROLLARY 3. Zf 2 < s < 3, then l(G) < n - 2. 
Proof. Let 1 = l(G), s = 3, and let u be chosen as in Lemma 4. Since 
n - 2 > s - 1 = 2, it may be supposed that 1 2 3. By the definition of 1, the 
sets RIP,(u), RI_,(u), R1_,(u), and R,( u are consecutively disjoint. Since > 
Rl_,(u) E R,_,(R,(u)) = R,(u), the three sets Rl_,(u), II_,(u) and 
R,_,(u) are pairwise disjoint. Therefore by Lemma 4, n >/ Cf= 1I Rlpi(u)I 2 3 
+ C:=,l(1 - i)/3] = I + 2. S’ imilarly Corollary 3 can be proved if s = 2. ??
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3. UPPER BOUNDS FOR Z(G) 
Let L(G) denote the set of lengths of all cycles in G. Since G is 
primitive, it is easy to prove that the greatest common divisor of the elements 
in L(G) is 1; i.e., gcd(L(G)) = 1. 
For any two positive integers y and s such that s < q < n, gcd(q, .s) = 1. 
and q + s 2 n + 1, the digraph W,, ‘I ,~ = (V, E) is defined as follows: 
V = {Us : 1 < i < n) and E = {(ui, Us’+;): 1 < i < n - 1) U ((u,, u,),(u,,, 
IA ,,-,+,)I. Then ‘cV,,q,p IS primitive and contains only two cycles, one of 
length y and the other of length s. 
Let C, = (zj,, cr, . . . , c,_~, 0,) and C, = (u,, tcl,. . . , u,,_~, zcg) be two 
cycles with lengths s and y respectively. This notation will be used in 
Lemmas 5 and 6. 
LEMMA 5. Zf is, q) c L(G) with gcd(s, q> = I, then 
Z(G) < max(0, n - s - q + 1) 
(4 - 1 if s=2, 
+I - 3)/2 if s is even and .s 2= 4, 
+ ( (.s - 1)9/2 $ y = 2 (mod ,s), 
(s - 1)9/2 - I i;f q = -2 (mod ,s). 
\(,s - 3)9/2 if .sisoddandq f 2 or -2(mod .s). 
Proof Let P be a shortest path from C, to C,, with initial vertex 
v. E C,< and the terminus ua E C,. Then IPI < max{O, n - s - q + l}. Since 
gcd(s, q) = 1, ‘th er er s or q is odd. First suppose s is odd. Then there exists 
some positive integer x. where x < (s -- 1)/2, such that either xq = 1 (mod 
s) or xq = - 1 (mod s). This implies either 
Case I: q = 2 (mod s). Then N = (s - D/2, xq = - 1 (mod s), and 
l(G) < IPI + xq = IPI + (s - 1)9/2. 
Case 2: y = -2 (mod s>. Then x’ = (s - 1)/2, xq E 1 (mod s), and 
Z(G) < IPI + xq - 1 = IPI - 1 f (s - l)y/2. 
Case 3: q f 2, - 2 (mod .s). Then N < (s - 3)/2 and Z(G) < 1 PI + xl/ 
< IPI + (s - 3)(-//2. 
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If s is even, the q is odd and similarity it can be proved that 
KG) =s IPI + s(4y_:,/z if s=2, otherwise. 
By combining the above results, Lemma 5 is obtained. 
LEMMA 6. Zf Is, ql c L(G) with gcd(s, q) = 1 and s + 9 > n + 2, 
then 
Z(G) < 
n-2 if s=2, 
(s - 2)(q - 5)/2 + n - 4 
if sisevenands > 4, 
(s - 3)(q - 2)/2 + n - 2 
if q=2(mods), 
(s - 3)(q - 2)/2 + n - 3 
if q = -2 (mod s), 
max{(s - 5)(q - 2)/2 + n - 4,q} 
if sisoddandqf2or -2(mods). 
Furthermore, ifs 2 4 and 
(s - 2)(q - 5)/2 + n - 4 
if sisevenands > 4, 
(s - 3)(q - 2)/2 + n - 
if q = 2 (mod s), 
Z(G) = ’ (s - 3)( q - 2)/2 + n - 
zj q = -2 (mods), 
(s - 5)(q - 2)/2 + n - 
2 
3 
4 
i if s 3 7isoddandq f 2 or -2 (mod s), 
then G contains W, 4 s as a subdigruph. In addition, q z - 1 (mod 6) and 
s = 2(q + I)/3 if t& first equality above holds. 
Proof. Since s + q > n + 2, at least two (distinct) vertices are on both 
C, and C,. Without loss of generality, it may be supposed that v,, = uO, 
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6,. = ut, and V(C,> n {ui : 0 < i < f} = 0, where 1 < r < t < q - 1 and 
r f t (mod s). Then n > s + t - 1 and t - r = v (mod s) for some m, 
1 < m < s - 1. We note that in Cases 1 and 3 below the upper bound in 
Lemma 6 is strict if either (i) s > 4 is even or (ii) 9 = 2, -2 (mod s) or (iii) 
.s > 7 is odd and q + 2 or -2 (mod s). This will be needed in the 
characterization of the equality in these cases. 
Case 1: 2 < m < s - 2. Then s > 4. Let A = {r, r + y, t} if either 
s=Ciors=5andq-2or-2(mods);andLetA={r,t}U{r+iq,t+ 
ic/ : 1 < i < [(s - 5)/2j) if s # i3 or 6. Then it can be verified that I A (mod 
s>l > [(s + 1)2]. Therefore there exist two elements CL, and a2 in A such that 
(1 I - a2 = 1 or - 1 (m;oL2s); otherwise s is even and gcd(.s, 9) = 2, a 
contradiction. Since cg ---+ c, and u,) lies on C,, I(G) < maxIa,, a2}. 
Cnse 1.1: s # 5 or 6. Then 1(G) < max{n,, a,} < t + y[(,r - 5)/2] < 
rr - s + 1 + c~[(s - 5)/2] ,< (s - 5x9 - 2)/2 + n - 4. If equality holds, 
then t = n - s + 1; i.e., V(G) = V(C,) U {u, : 0 < i < t}. Since C, is the 
shortest cycle in G, we have that 9 + r = n + 1. Then t - r = (1 - .s, which 
contradicts m > 2. Thus 1(G) < (s - 5)(9 - 2)/2 + II - 5. 
Case 1.2: s = 5. It may be supposed that r < t - 2; otherwise, if 
r=t-l,thenZ(G)<r=t-l<n-s=n-5.lfq=2or -2(mod 
s), then I(G) < max{u,, u2} < r .t q < f + y - 2 < n - s + y - 1 < (s - 
3)(9 - 2)/2 + n - 4. If 4 f 2, -2 (mod .s), then y = 1 or - 1 (mod .r). 
0, \ 
Since o. 4 uiJ’~tiO, 1(G) < y. 
&se 1.3: s = 6. Since gcd(q, s) = 1, we have 9 = 1 or - 1 (mod .s). If 
4 = 7, then l(G) < s < (s - 2)(q - 5)/2 + n - 5. If q # 7, then y > I1 
and Z(G) < 4 < (s - 2)(9 - 5)/2 + n - 5. 
Case 2: m = 1. Then t - r = 4 - ks for some positive integer k. Since 
t s - r 
fL[) + ut - u(j> it can be supposed that k = 1; otherwise, if k > 2, then 
there exists a q’-cycle intersecting C,Y, where 4’ = t + s - r = y - (k - 1 h 
< y and q’ = q ( mod s). Thus Lemma 6 can be proved by using q’ instead 
of 9. Recall that either s or y is odd. First suppose s is odd. Then there exist 
positive integers x and y such that either xq = 1 + ys or ~4 = - 1 + y”, 
where x < (s - 1)/2. Since 
r+(y-k)s,t+(x-1)q 
uo ’ u,, 
this implies either E(G) < t + (X - 1)q - 1 or l(G) < t + (X - l)q. 
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Subcase 2.1: q = 2 (mod s). Then x = (s - 1)/2, xq = - 1 + ys, and 
Z(G) < t + (x - l)q < n - s + 1 + [(s - 1)/2 - l]q = (s - 3Xq - 2)/2 
+n-2. 
Subcase 2.2: q = -2 (mod s). Then x = (s - 1)/2, xq = 1 + ys, and 
Z(G) < t + (x - 1)q - 1 < (s - 3)(q - 2)/2 + n - 3. 
Subcase 2.3: q + 2 or -2 (mod s). Then x < (s - 3)/2 and Z(G) < t + 
(x - 1)q < n - s + 1 + [(s - 3)/2 - l]q = (s - 5xq - 2)/2 + n - 4. 
If s is even, then q is odd. Since r = t - q + s < n - q + 1, it can be 
proved by a similar argument that 
;s--22)(q - 5)/2 + 
if s=2, 
n-4 otherwise. 
Furthermore, if s > 4 and Z(G) = (s - 2)(q - 5)/2 + n - 4, then s(q - 
3)/2 = - 1 (mod q). Th is implies q = 6a - 1 and s = 4a for some positive 
integer a. 
Case 3: m = s - 1 and s > 2. Then t - r = ks - q for some positive 
integer k. As in case 2, first suppose s is odd. Then either xq = 1 + ys or 
xq = - 1 + ys for two positive integers x and y where x < (s - 1)/2. 
Since 
t+(y-kh, r-+(x- 1)y 
VO > 0, ) 
this implies either Z(G) < r + (x - 1)q < t + (x - l)q - 1 < (x - 1)q + 
n - s or Z(G) < r + (x - 1)q - 1 < (x: - 1)q + n - s - 1. By an argu- 
ment similar to that in case 2 it can be proved that 
(s - 3)(q - 2)/2 + n - 3 if q = 2 (mod s), 
Z(G)= (s-3)(q-2)/2+n-4 if q- -2(mods), 
(s - 5)(q - 2)/2 + n - 5 otherwise. 
If s is even, then q is odd and it can be proved that y < (q - 3)/2 and 
Z(G)<t+(y-k)s<n + 1 - s + (q - 3)s/2 - q - (t - r> < (s - 
2xq - 5)/2 + n - 5. 
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By combining the above results, the upper bound in Lemma 6 is 
obtained. Moreover, if s > 4 and 
Z(G) = 
‘(s - 2)(9 - 5),‘2 + n - 4 
if sisevenands>4, 
(.s - 3)(9 - 2)/2 + 12 - 2 
if 9 = 2 (mod s), 
(s - 3)(9 - 2)/2 + n - 3 
if 9 = -2(mod s), 
(s - 5)(9 - 2)/2 + II - 4 
i if s>7isoddandyf2or-2(mod.r), 
then the condition in case 2 holds; i.e., t - r = 9 - s. Also by the proof in 
case 2, s + t - 1 = n. Then the arcs of C,, and the path uo(cO) -+ II, + ... 
- u,(u,) form W, , , . Still by the proof in case 2, if the first equality holds, y ,~ 
then 9 = 6a - 1 and s = 4a for some positive integer a. Therefore Lemma 
6 follows. W 
LEMMA 7. If 2 < gcd(s, 9) < s/2 j&- .EOIIW 9 E L(G), thvn 
l(G) < 
i 
s(n - 5)/2 ifs is even , 
(2~ + 3n - 6s - 3)/6 ifs i.s o&l. 
Proof. Let C, and C, = (c,, c,, . . . , G,, _ ,, 0~~1 be two cycles with lengths 
s and 9 respectively, and let d = gcd(s, 9) and P be a shortest path from C, 
to C,. Let the initial vertex of P be u E C,, and let the terminus of P be 
v(, E C,. Then IPI < max(0, n - .s -- 9 + 1). 
Case 1: 3 < d < s/2. Then s > 6. 
Subcase 1.1: IPI > 1. Then 9 < II - s. Let A = {c, : d I i and 0 < i < ‘1 - 
1). Then it is easy to verify that 
and that R,(A) 2 A. By Lemma 2, 
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Similarly it can be proved that 
IR iPi+(q,d-l)s+id+l(~)J a min{n, 4/d + i) for all i 2 0. 
Thus, in particular, if we suppose i = [n/21 - q/d, then 
IR ,P,+(q,d-l)s+id(U) I + I R,P,+(y,d--l)s+id+l(U) I a n. 
Let IPI + (q/d - 1)s + id = a. If l(G) > a + 2, then both R,(u) and 
R,+I(u) are independent sets and R,(u) n R,+l(u) = 0. This implies that 
G is bipartite and not primitive, a contradiction. Therefore Z(G) < a + 1 < 
(n - 2)s/d + (n + l)d/2 - n + 2 < (2~ + 3n - 6s - 3)/6. 
Subcase 1.2: IP( = 0. Then u = o0 and, by Lemma 3, u may be chosen 
such that 1 Rj(u)) > 2 for all i 2 1. Let B = (ui+r : d I i and 0 < i < q - l}. 
Then Rd( B U R,(u)) 2 B U R,(u). Let i > 0. If 1 B fI R,(u) I= 1, then it 
can be verified that 
IR (y/d- l)s+id+ lC”) 1 a I Rid( I!3 ’ Rl(u)) I a min{n, I ’ u Rl(u) I + il 
> min{n, q/d + i + 1) by Lemma 2. 
If I B u R,(u) I > 2, then 
IR (q,d-2)s+id+lwl aLlP u R,W)l 2 mi++ u Rdu)I + 4 
> mm{ n, q/d + i} by Lemma 2. 
Therefore it is always true in both cases that 
IR (y/d- l)s+id+ I(U) I > min{n, q/d + i 
Similarly it can be proved that 
IR (4/d- l)s+id+z(4 1 2 min{n, q/d + i 
Therefore, by the same argument as in subcase 1.1, 
l(G) < (q/d - 1)s + [(n + 1)/2 - q/d - l]d + 1 
< (n - l)d/2 + ns/d - n - s + 1 < (2ns + 3n - 6s - 3)/6. 
Case 2: d = 2, Then s is even and s 2 4. By case 1, it may be supposed 
that there exists no p E L(G) such that 3 ,< gcd(s, p) < s/2. Since 
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gcd(L(G)) = 1, there exists some p E L(G) such that gcd(s, p) = 1. Then 
p = n; otherwise, if p < n - 1, we are done by Lemma 5 and Lemma 6. 
Thus G contains a hamiltonian cycle C, and n is odd. 
Subcuse 2.1: s = 4. The either n -- 1 = 0 (mod s) or n + 1 = 0 (mod s). 
This implies either I(G) < n - 1 or Z(G) < n, as u a% “2~. Therefore 
l(G) < s(n - 5)/2 whenever n 2 9. If n = 7, then L(G) 2 {4,6,7} and 
Z(G) = 1. 
Subcase 2.2: s > 6. Let A = {iy (mod s) : 0 < i < [s/41 - 1) and B = {iy 
+ n + 1, iy + n - 1 (mod s): 0 < i ,< [s/41 - 1). Then 1 Al + 1 BI > [s/41 
+ l.s/41 + 1 = s/2 + 1. Since A U B c {Bi : 0 < i < s/2 - 11, A n B f 
0; i.e., there exists some i and j, where 0 < i < [s/41 - 1 and 0 < j < 
[s/41 - 1, such that either iy =jy + n + 1 (mod s) or iy = jy + II .- 1 
(mod s). Since 
l(G) < IPI + max{([s/41 - l)y, ([s/4] - 1)~ + ~1 + 1) ,< .s(n - 5)/2. 
By combining the above two cases, Lemma 7 is obtained. ??
THEOREM 1. Suppose G is n primitive digraph with girth s 2 4. Then 
I 
s( n - 5)/2 + 1 ifs is rz?en . 
Z(G) < 
(s - l)(n - 2)/2 ifs is odd and n = 2 (mod s) , 
(s- l)(n-2)/2- 1 ifsisoddnndn = -2(mods), 
(.s - l)(n - 3)/2 + 1 i f sisoddundn f 2 or -2(mod.s). 
Furthermore, ifeyuality holds in any of the four case.s above, then {y, s} c 
L(G) c {y} U (is : 1 < i < [n/s]) and G contains MJ’,~, ‘, s ns n subdigruph, 
where y and s satisfy the following condition: 
n = -1 (mod6), s = 2( n + 1)/3, and y = n ifs is even , 
y=n ifs is odd and n = 2, -2 (mod s), 
y = n - 1 and n = 3 (mod s) ifs is odd and n f 2 or - 2 (mod .s ) . 
Proof. If there exists some y E L(G) such that 2 < gcd(s, y) < .s/2, 
then s is not prime. Thus if s is odd, then s > 9 and (2ns + 3n - 6s - 
3)/6 < (s - l)( n - 3)/2 - 1. Then by Lemma 7, 
Z(G) < 
s(n - 5)/2 if s is even 
(s - l)( II - 3)/2 - 1 if .s is odd. 
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Now suppose there is no q E L(G) such that 2 < gcd(s, q) < s/2. Thus 
gcd(s, q) = 1 f or some q E L(G). If 9 < n - s + 1, then by Lemma 5, 
Z(G) < 
s(n - s - 2)/2 if s is even, 
(s-l)(n-s+l)/2 ifsisodd. 
If q > n - s + 2, then any s-cycle intersects any q-cycle at least twice. 
By Lemma 6, 
fs(n - 5)/2 + 1 ifs > 4iseven, 
(s - l)(n - 2)/2 ifn=q=2(mods), 
l(G)<((s-l)(n-2)/2-l ifn=q=-2(mods), 
(s - l)(n - 3)/2 + 1 ifsisoddandq<n-1, 
\(s - l)(n - 3)/2 ifsisoddandn=qf2,-2(mods). 
By combining the above, the upper bound for 1(G) is obtained. Further- 
more, if equality holds, then 
‘(s - 2)(q - 5)/2 + n - 4 and n = 9 
ifs > 4iseven, 
(s - 3)( 4 - 2)/2 + n - 2 and n = 9 
ifsisoddandn =2(mods), 
z(G) = ’ (s - 3)(q - 2)/Z + n - 3 and n = q 
ifs is oddand n = -2 (mod s), 
(s - 3)(q - 2)/2 + n - 2 and n - 1 = q = 2 (mod s) 
\ if s is odd and n f f 2 (mod s) . 
By Lemma 6, G contains W,, 4 s as a subdigraph with q and s specified in 
Theorem 1. Now suppose there exists another q’ # q such that q’ E L(G) 
and gcd(s, q’) = 1. Let q = min{q, q’} without loss of generality. Then 
q < n - 1. If s is odd and q = n - 1, then the two cycles with lengths q 
and q’ = n intersect, and Z(G) < n - 1 < (s - lxn - 3)/2 (as s 2 5), a 
contradiction. If either s is odd and q < n - 2 or s is even and q < n - 1, 
then by Lemma 5 and Lemma 6, 
Z(G) $ 
s(n - 6)/2 + 2 if s is even, 
(s-l)(n-4)/2+2 ifsisodd, 
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also a contradiction. Therefore there is a unique y E L(G) such that 
gcd(s, 9) = 1; i.e., (4, s} c L(G) c {q} U (is : 1 < i Q [n/s]}. ??
By Corollary 3, r(G) < n - 2 if .s = 2 or 3. However, it seems difficult to 
characterize the digraphs G such that Z(G) = n - 2 in these two cases. 
THEOREM 2. Suppose G is a primitive digraph u)ith order n > 7 and 
girth s > 4. Then 
i 
s( n - 5) /2 + 1 if .s is even , 
Z(G) < .s( n - 4)/2 + 1 if .s is odd and n is even, 
s(n - 3)/2 if .T is odd and II is odd. 
Furthermore, equality holo in the three cases ahove tf and only if G i.y 
respectively isomorphic to 
(1) W%.,2(t,+1),3~ where n = - 1 (mod cj), 
(2) I,V&,,n-3 or W 
(3) W71.,1.,,-2. 
,,, ,,, (,, +.,,,‘, where 11 = O (mod 4) for tlw lattw, 
Proof. We only prove this theorem in the case that s is odd and II is 
even. The proof for the other two cases is similar. Suppose s is odd and II is 
even. 
Case 1: n = 2 (mod s). Then 11 > 2s + 2 and, by Theorem 1, I(G) < 
(s - l)(n - 2)/2 < s(n - 4)/2. 
Case 2: n = -2 (mod s). Then n > 2s - 2 and, by Theorem I. 
l(G) < (s - l)(n - 2)/2 - 1 < s( n - 4)/2 + 1. Moreover, if I(G) = .s( n 
- 4)/2 + 1, then l(G) = (s - t)(n - 2)/2 - 1, s = (YL + 2)/2, and n 5 0 
(mod 4). By Theorem 1, L(G) = {n, (n + 2)/2), and G contains I,V,I, )1, (,, + ?),,? 
as a subdigraph. On the other hand, if one more edge U, + ni is added to 
W ,,, ,,,(,, + 2j,,2 so that L(G) = {n, (n + 2)/2) still holds, then i = j + s - 1 
(mod n). By reordering the vertices if necessary, it can be supposed that 
1 <j <s. Since n =O(mod4), 
and 
n+l-i dn - 4)/4 s(rt-4)/2+2-j, 5(n-4)/2+3-j 
u, ___* U] A u 1, II i > II]. 
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Then Z(G) < .s(n - 4)/2 + 2 - j < s(n - 4)/2 + 1, a contradiction. Thus 
G is isomorphic to W,,, n,(n +2),2. 
Case 3: n f 2 or -2 (mod s). Then Z(G) < (S - 1Xn - 3)/2 + 1 < 
s(n - 4)/2 + 1. Moreover, if Z(G) = s(n - 4)/2 + 1, then Z(G) = (s - 
1Xn - 3)/2 + 1 and s = n - 3. By Theorem 1, L(G) = {n - 1, n - 31, 
and G contains W,, n_l *_a as a subdigraph. Then G is isomorphic to 
W,, n_ 1, n_ 3, since adding one more edge to W,, n _ 1, n _ 3 either violates 
L(G) = {n - 1, n - 3} or implies that G contains a subdigraph G’ of order 
less than n such that L(G’) = (n - 1, n - 31, in which case Z(G) < Z(G’) < 
(s - 3Xq - 2)/2 + (n - 1) - 2 = s(n - 4)/2 by Lemma 6. 
By combining the above three cases, Z(G) < s(n - 4)/2 + 1. Moreover, 
if equality holds, then G is isomorphic to W,,, n _ r, n _ s or W,,, n, (n + 2j,2, where 
n = 0 (mod 4) for the latter. Conversely if G is isomorphic to these two 
digraphs, then it is easy to check that Z(G) = s(n - 4)/2 + 1. ??
COROLLARY 4. For any primitive digraph G with order n > 7, 
Z(G) < 
(n’ - 7~ + 14)/2 ifniseven, 
( n2 - 5n + 6)/2 ifn is odd. 
Furthermore, equality in the above two cases holds $ and only if G is 
isomorphic to W,,, n _ i, n _ 3 or W,,, n, n _ 2 respectively. 
Proof. If s = n - 1, then there are only two different kinds of digraphs 
up to isomorphism, and it can be checked that Z(G) = 1. Therefore it can be 
supposed that s < n - 2 and so Corollary 4 follows from Theorem 2. ??
REMARK 1. While the bounds in Corollary 4 are sharp in general, 
considerably lower bounds could be expected for some special classes of 
digraphs. For example, if G is an (undirected) graph with order n > 3, then 
it is not difficult to prove that Z(G) < [(n - 1>/21 and that equality holds if 
and only if the length of the shortest odd cycle in G is either n or n - 1. 
4. OPEN PROBLEM 
In the previous section, the upper bounds on Z(G) in terms of n and s are 
best possible in the sense that there exist examples for which equality is 
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attained. However, it seems very hard to find a relationship between l(G) 
and exp(G) except for the obvious one Z(G) < exp(G). If G = W,, ,~, n _ , , the 
\Vielandt digraph, then exp(G) = (n - 1)’ + 1 is largest possible while 
Z(G) = 1 is smallest possible. In this case the bound l(G) < exp(G) is 
unfortunately very poor. Therefore there is some reason to expect a better 
relationship between these two parameters. 
Let K,T be the complete graph with loop at each vertex. Then 
exp(K,*)/Z(K,*) = 1. H owever, it seems that K,T is the only digraph such 
that exp(G)/Z(G) = 1. 
CONJECTURE 1. For all primitive digraphs G such that G # K *,,, 
Conjecture I is trivial if s = I. In fact, it is not difficult to prove the 
following partial result. 
THEOREM 3. Suppose G # K*,, and either G is undirected or G contains 
cycles of exactly two difSerent lengths. Then 
exp(G) 
Z(G) ’ 2’ 
REMARK 2. The equality in Theorem 3 can be attained for both cases. In 
the case of undirected graphs, one class of examples is (undirected) odd 
cvcles. In the case of digraphs containing cycles of exactly two different 
lengths, a class of examples is G = (V. E), where V = {u. : 1 < i < n} and 
E = I(ui, Uf+i)>(Ui+l> ui): 1 < i < n - 1) U {(u,, u,,)) if In is odd while 
E = l(t~,, u,+ ,)>(~i+l, u,):l<iin -2lU{(u,,u,,_,),(u,,u,,),(u,,~~,.u,,). 
U,,) u,[ _,>} if n is even. 
We thank Professor D. A. Gregory for many helpfill suggestions and 
comments during the preparation of this vnanuscript. 
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